We deal with the self-similar singular solution of doubly singular parabolic equation with a gradient absorption term
Introduction and main results
In this paper we consider the self-similar singular solution of the doubly singular parabolic equation with nonlinear gradient absorption terms where f = f (r) with the self-similar variable r = |x|(α/t) αβ , the prime denotes the differentiation with respect to r. Throughout this paper we set Brézis and Friedman [1] proved that (1.9) admits a unique singular solution for every c ∈ (0,∞) when 1 < p < 1 + 2/n such that lim t→0 |x|<ε u(x,t)dx = c, ∀ε > 0, (1.10) which is called a fundamental solution with initial mass c, while it has no for p ≥ 1 + 2/n. Shortly, Brézis et al. [2] had proved that (1.9) posses a unique very singular solution when 1 < p < 1 + 2/n. In recent years, many authors studied the self-similar singular solutions (see [4, 7, [9] [10] [11] 13] and the references therein) of the following equations:
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The large time behavior of solutions to the Cauchy problems corresponding to the above equations with absorption u p or u q (with m = 1) can also be characterized by their corresponding self-similar solutions, singular solutions, fundamental solutions and very singular solution, see [3, 5, 6, 8, 12, 16] and the references therein.
To study the boundary value problem (1.7), we consider the initial value problem
Let f (r;a) be the solution of (1.12) and (0,R(a)) be the maximal existence interval where f (r;a) > 0. Our main results read as follows.
For each a > 0, let f (r;a) be the solution of (1.12) . Then the statements hold: 
for all r ∈ (0,∞), and there is k(a) > 0 such that lim r→∞ r 1/β f (r;a) = k(a) and (1.13) holds for r 1.
(1.14)
holds.
This theorem shows that when nβ < 1 and a ∈ Ꮾ, the solution f (r;a) of (1.12) has compact support, hence lim r→∞ r 1/β f (r;a) = 0. Moreover, we have the following. Recall that (1.6) and f has compact support, the integrands at the right-hand side of (1.16) are integrable as t → 0. Then the result follows. Therefore, the condition p > ((n + 1)/(mn + 1))q + mn/(mn + 1) implies that the self-similar very singular solution of (1.1) exists and has compact support. The organization of this paper is as follows. In Section 2, some properties of the solutions of (1.12) are studied. In particular, the behavior of the positive solution is obtained. In Sections 3 and 4, we prove the first part and the second part of Theorem 1.1, respectively.
Preliminary
In this section we consider (1.12).
Writing initial value problem (2.1) as an equivalent integral equation and using the standard Picard's iteration, we may prove that for each b > 0, (2.1) has a unique solution z(r) = z(r;b), at least locally. In addition, (2.1) can be rewritten as for some ≥ 0. We claim that
with 1 ≥ 0. In fact, we set
then it follows from (2.1) that
If R(b) = ∞, by (2.3) and (2.4), it is easy to see that 1 = 0. This completes the proof. By the first equation of (2.1) and Lemma 2.1, we have This implies that
Integrating (2.14) over (r * (μ),r) gives It follows that
Using (2.11) and Lemma 2.1(ii) and integrating (2.17) from r ≥ r * (μ) to ∞ gives
that is,
It is a contradiction. This completes the proof. Proof. The conclusion is obvious when R(a) < ∞. We only prove the result for R(b) = ∞. By Lemma 2.1(ii), we have lim r→∞ |z | p−2 z = 0. We divide the proof into four steps.
Step 
in ( t,∞) contradicts with R(b)=∞). Therefore, (p−1)|z
| p−2 z = (|z | p−2 z ) = |(z | p−2 z ) | > δ 0 in ( t,
∞). Integrating the above over ( t,r) gives
is not monotonic in r>t for any t>r 0 , which implies that (|z | p−2 z )(r) ultimately oscillates infinite times. Let {t j } be the sequence realizing the minima and satisfying lim j→∞ t j = ∞. Then (|z | p−2 z ) (t j ) = 0, which contradicts to what we assume previously.
Step 2. We will show that lim r→∞ |(z 1/m ) (r)| = 0. In fact, if 0 < m ≤ 1, it is a direct conclusion of Lemma 2.1(ii). While m > 1, using Lemma 2.2 yields
Step 3. We claim that (b) If r(z 1/m ) (r) oscillates infinite times in (r,∞) for eachr > 0, then we take the sequences {r j } and { r j } realizing the minima and the maxima, respectively, such that lim j→∞ (r j , r j ) = (∞,∞) and r j < r j < r j+1 < r j+1 for all j. Step 4. We prove Moreover, for each small ε > 0,
where C 1 and C 2 are positive constants.
Proof. We first prove that H(r) = (μ/m)rz (r) + z(r) does not change signs as r 1 for every μ > β. Using the arguments of Lemma 2.2, if there is a r 0 ≥ 1 such that H(r 0 ) = 0, it follows that z (r 0 ) = −(m/μr 0 )z(r 0 ). Then we have
Let r * (μ) = max{1,r(μ)}. We see that H (r 0 ) < 0 whenever H(r 0 ) = 0 and r 0 ≥ r * (μ), which implies that there exists a δ > 0 such that H(r) < 0 in (r 0 ,r 0 + δ). If there is a r 1 > r 0 such that H(r 1 ) = 0, we may assume that r 1 is the first one. Then H(r) < 0 in (r 0 ,r 1 ).
On the other hand, by H (r 1 ) < 0 we see H(r) > 0 in (r 1 − δ ,r 1 ) for some δ > 0. It is a contradiction. Thus,
If H(r) > 0 then |z (r)| < (m/μr)z(r) and βr(z 1/m ) (r) + (β/μ)z 1/m (r) > 0. By (2.1), we have
Since σ > 0, q > 1 and μ > β, we see
It follows from (2.34) that there is r ≥ r
This implies that for each ε > 0, there exists a r * (β + ε) > 0 such that
Integrating (2.36) over (r * (β + ε),r) and applying (2.21), we obtain (2.29). Using Lemma 2.2 and (2.36), we have, for each ε > 0,
This completes the proof.
The case of nβ ≥ 1
In this section, we will prove the following lemma. Moreover, for r 1,
Proof. By (2.1), we have 
3)
It follows from (2.21) and (2.29) that
with
Hence, lim r→∞ r 1/β−1 (|z | p−2 z )(r) = 0 and the integrals at the right-hand side of (3.3) make sense over (0,∞) if ε is suitably small. Therefore, from (3.3) we derive
Consequently, by Lemma 2.4 we have
Moreover, applying the first equation of (2.1) yields
Integrating (3.8) over (r,∞) we obtain
(3.9)
(3.10)
By (3.9) we see
Hence, we have
Lemma 3.1 gives the proof of the first part of Theorem 1.1, which indicates that when nβ ≥ 1 there is no self-similar singular solution.
The case of nβ < 1
In this section we will prove the second part of Theorem 1.1. 
